Observation of the Larmor and Gouy Rotations with Electron Vortex Beams 
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Electron vortex beams carrying intrinsic orbital angular momentum (OAM) are produced in 
electron microscopes where they are controlled and focused using magnetic lenses. We observe 
various rotational phenomena arising from the interaction between the OAM and magnetic lenses. 
First, the Zeeman coupling, proportional to the OAM and magnetic field strength, produces an 0AM- 
independent Larmor rotation of a mode superposition inside the lens. Second, when passing through 
the focal plane, the electron beam acquires an additional Gouy phase dependent on the absolute 
value of the OAM. This brings about the Gouy rotation of the superposition image proportional to 
the sign of the OAM. A combination of the Larmor and Gouy effects can result in the addition (or 
subtraction) of rotations, depending on the OAM sign. Our experimental results are in agreement 
with recent theoretical predictions. 

PACS numbers: 42.50.Tx, 41.85.-p, 03.65.Vf 



Introduction. — In 1890, L. G. Gouy discovered the 
phase anomaly of a focused electromagnetic beam going 
through the focal point [l| . He showed that the converg- 
ing Gaussian wave acquires a longitudinal 7r phase delay 
with respect to a plane wave traveling the same distance. 
Since then, the Gouy phase <3>g = — arctan(z/zR) (z = 
is the waist plane and zr is the Rayleigh distance) has 
been a subject of interest, including fundamental classi- 
cal and quantum interpretations [2|-[5j and direct obser- 
vations in short pulses [6|. In the past decade, the Gou 
phase was observed for acoustic [7[ , phonon-polariton 
and surface plasmon Q waves. It was also discussed for 
matter waves [10[, although has been never observed di- 
rectly. The Gouy phase plays an important role in the 
evolution of optical vortex beams [ll| carrying azimuthal 
phase, ip oc exp(im^), and intrinsic orbital angular mo- 
mentum (OAM) (L z ) = hm per photon: It is used in 
cylindrical- lens convertors [ill, [l2| and is observed in the 
rotational propagation dynamics of vortex superposition 
patterns flj^M- 

Few years after the Gouy discovery, J. Larmor de- 
scribed the electron behaviour in a magnetic field 
B = B z and introduced the Larmor frequency VLl = 
—eB/2M [l6j |. where e = — \e\ and M are the electron 
charge and mass, respectively. This frequency character- 
izes coupling between the electron angular momentum 
and the field. Although a classical electron orbiting in 
a magnetic field is described by the cyclotron frequency 
Q c = 2Ql, it is the Larmor frequency that plays the 
fundametal role in the angular momentum conservation 
[I?}, Zeeman effect [l8j |. and structure of quantum Lan- 
dau levels 0. 

Surprisingly, the seemingly unrelated optical Gouy and 
electron Larmor effects both become relevant in the evo- 



lution of electron vortex beams with intrinsic OAM in 
a magnetic field. Recently, such free-space beams were 
described [20] and generated in transmission electron mi- 
croscopes (TEM) [2ll423j . They sparked interest for their 
potential for several applications, ranging from the study 
of magnetism on the atomic scale to high-energy particle 
collisions [24|. This year, several authors considered the 
evolution of the e lectron vortex states in a uniform mag- 
netic field 



-271]. They all described a uniform Larmor 
rotation of the mode superpositions with zero net OAM 
along the field, which originates from the Zeeman cou- 
pling between the vortex OAM and the field. At the 
same time, we have shown [26[ that a fine interplay of 
the Zeeman and Gouy phases for the electron states with 
non-zero OAM determines a structure of the Landau lev- 
els and nontrivial rotational dynamics of electron vortex 
superpositions in a magnetic field. 

In this paper we experimentally study the dynamics 
of electron vortices and their superpositions in the mag- 
netic field of a focusing lens in TEM. In contrast to the 
uniform-field case, where the Zeeman-Larmor and Gouy 
effects act simultaneously 0, in a lens field they op- 
erate at different scales and can be spatially separated: 
The Zeeman phase is gained inside the lens; while the 
Gouy phase is acquired near the waist plane of the beam. 
The Zeeman phase for vortices manifests itself as a field- 
dependent Larmor image rotation known in electron mi- 
croscopy, while the Gouy phase causes an additional 
OAM-dependent rotation of vortex superpositions. By 
adjusting the defocusing and magnification parameters, 
we independently vary the Larmor and Gouy rotations 
which are added or subtracted from each other depend- 
ing on the OAM sign. 

Larmor rotation of the OAM-balanced 
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FIG. 1: (color online) (a) Image of the superpositions (1) of 
m = ±3 vortex beams produced via diffraction on the holo- 
graphic aperture (diameter 10 /mi) shown in (b). Changing of 
the magnification from 41k (yellow) to 55k (white) produces 
the Larmor rotation (3) of the image on Aip = 106°, whereas 
defocusing shown in (c) does not affect it. All electron images 
are viewed along the z-axis. 



superpositions. — We first consider the "OAM-balanced" 
superposition of two opposite-charge vortex modes: 



(1) 



where ip m (r) = /(r, z) exp(im(p+ikz) is the vortex-beam 
wave function [11[ with m = ±1, ±2, (r,(p,z) are the 
cylindrical coordinates, k = \/2EM /h [E is the elec- 
tron energy), and f(r,z) is the radial function slowly 
dependent on z. The superposition (1) has zero OAM 
expectation value, (L z ) = 0, and is characterized by a 
"flower-like" symmetric pattern with 2\m\ radial petals 
USEzI: |^| 2 oc cos 2 (ra(/?) (see Fig. 1). 

In practice, interfering two vortex beams is a difficult 
task. Instead, the desired superposition state can be ob- 
tained using holographic reconstruction through a com- 
puter generated hologram. A suitable mask is created by 
calculating the superposition (1) interfering with a tilted 
plane wave and applying a threshold to the interference 
pattern to obtain a binary distribution. The resulting 
mask obtained for m = 3 is shown in Fig. lb. We placed 
this mask aperture in the condenser plane of a Philips 
CM30 microscope operated at 300 kV and equipped with 
a field-emission gun. The illumination system of the 
TEM projected the wave, which holographically recon- 
structed the superpositions (1) in the first diffraction 
sidebands, in the front focal plane of the objective lens. 
Then we imaged the intensity profile of the beam in this 
plane through the imaging lenses of the microscope on a 
CCD camera (Fig. la). 

Changing magnification, and hence the magnetic field 
in the imaging lenses, we observed a rotation of the im- 
ages, as shown in Fig. la. This is a standard effect in 
electron microscopy where it is explained via classical cy- 
clotron electron trajectories in a lens field. Remarkably, 
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FIG. 2: (color online) (a) Schematic of the experiment. The 
vortex beam is prepared using holographic aperture in the 
condenser plane and then partly blocked with a knife-edge 
aperture. The position of the knife edge is kept fixed, whereas 
the beam waist position is varied (using the condenser lens) 
with respect to the front focal plane of the imaging system 
that magnifies the image and projects it onto the CCD cam- 
era. Variations in the defocusing distance and magnification 
produce the Gouy and Larmor rotation effects. 



all these trajectories are focused on the conjugate plane, 
and the rotation between the object and its image is de- 
termined by the Larmor rotation of electrons with respect 
to the optical axis [28[. However, it is difficult to explain 
all aspects of the image behaviour in a magnetic field via 
the classical trajectories. Indeed, in a uniform magnetic 
field, classical trajectories show either a cyclotron orbit- 
ing characterized by the frequency Vt = Q c = 2^l, or a 
rectilinear propagation along the field with Q = 0. At 
the same time, the superposition (1) propagating along 
the field still obeys the Larmor rotation characterized by 
Q — Ql. This Larmor rotation of the OAM-balanced su- 
perposition image appears due to the quantum Zeeman 
phase difference between the vortex modes 26|, 27]. In- 
deed, the Zeeman coupling energy between the OAM and 
magnetic field equals Ez = £IlL Zi which results in the 
additional phase 



$z = 



f dz [2E 



(2) 



for a vortex mode in a magnetic field with varying magni- 
tude B(z). For the mode superposition (1), the difference 
of the Zeeman phases (2) produces the Larmor rotation 
of the image on the angle 



(3) 



We emphasize that while the barycenter of the image 
demonstrates cyclotron orbiting with repect to some axis 
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FIG. 3: (color online) Experimental imaging (a) and numeri- 
cal simulations (b) of the free-space propagation of the focused 
truncated vortex beams (4) with m = —3,0,3 through their 
waist planes z = (the defocus distance z is indicated below 
the panels). 



and can be sensitive to the direction of the field, the ori- 
entation of the interference pattern always shows Larmor 
rotation with respect to its center, caused by the differ- 
ence of the Zeeman phases (2) [26]. In the lens field these 
two rotations yield the same Larmor angle (3) with re- 
spect to the optical axis [28| , while in a uniform field the 
situation is more complicated [26| . 

We also focused and defocused the beam superposi- 
tion (1) through the objective lens, thus imaging differ- 
ent planes of its propagation, but did not observe any 
rotation of the pattern (Fig. lc). This confirmes that 
the OAM-balanced superpositions (1) do not acquire the 
Gouy phase difference [HI, [26| . 

Gouy rotation of superpositions with non-zero OAM. — 
Now we consider "unbalanced" superpositions with non- 
zero OAM. The simplest example is the vortex beam 
^ m (r), but it has cylindrically-symmetric intensity and 
no rotation can be observed in the image. This can be 
overcome by creating a defect that breaks the cylindrical 
symmetry of the beam [lj]. Blocking part of the beam 
creates a "C-shaped" (truncated) vortex beam: 



tf(r)| a 



i> m (r)\ z=Za , ip G (0, 2-7T — S) 
, (p G (2-7T — 5, 2tt) 



(4) 



where z = z a is the aperture stop position and S is the 
angular sector cut of the vortex. The beam (4) still 
has the OAM expectation value (L z ) c± hm per parti- 
cle [29I, but now it represents a superposition of many 
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FIG. 4: (color online) Data extracted from the experimental 
images of Fig. 3a. (a) The width of the \m\ = 3 beams versus 
the defocus distance z. The gray lines mark z — ±zr, whereas 
black points indicate the planes of the measurements, (b) 
Angles of rotation of the C-shaped patterns (measured with 
respect to their orientations at z = 0) compared with the 
theoretical Gouy rotation (6) for the m = ±3 and ±5 beams. 



vortex modes which interefere with one another leading 
to complex diffraction deformations. 

In our experiment (schematically shown in Fig. 2), 
we produced vortex beams , m (r) with different m = 
d=l,d=3, ... using diffraction on a fork holographic aper- 
ture in the condenser plane of the microscope [22], Ell . 
Then we blocked half of one chosen beam using a sharp 
knife-edge aperture placed above the front focal plane 
of the objective lens, which corresponds to Eq. (4) with 
S = 7r. We also used the condenser lens to focus and de- 
focus the truncated vortex beam, effectively moving its 
waist with respect to the front focal plane of the imaging 
lens (Fig. 2). This allowed us to image different planes of 
the beam propagation and study the free-space diffrac- 
tion effects (small variations in the condenser-lens field 
do not produce noticabe Larmor rotation). 

Figure 3a shows images of the evolution of the trun- 
cated vortex beams (4) with different m at different 
planes as the beam propagates through its waist. One 
can observe the rotation of the C-shaped patterns in 
the direction determined by sgn(m). On the one hand, 
this is explained by the azimuthal vortex current which 
transports the intensity distribution [3, l3()j |. On the 
other hand, this rotation is produced by the interference 
of the constituting OAM eigenmodes acquiring different 
Gouy phases. Indeed, the Gouy phase of the free-space 
Laguerre-Gaussian beam is equal to [Uj 



$G = — (2n + \m\ + 1) arctan 



(5) 



where n is the radial mode number, z = corresponds 
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FIG. 5: (color online) Addition and subtraction of the Larmor 
and Gouy rotations. First, we changed the image magnifica- 
tion of the truncated mi — ±3 vortex beams to produce a 
uniform Larmor rotation. Second, we defocused the beams to 
compensate the Larmor rotation with the Gouy effect for the 
m — — 3 beam, which simultaneously doubles the rotation of 
the m — 3 beam. 



to the waist position, and zr — is the Rayleigh 

length (wo is the beam waist). One can see that the 
propagation of a superposition of the OAM modes with 
the same n and sgn(ra) brings about a Gouy rotation of 
the interference pattern on the angle 



A(fc = sgn(m) arctan 



V ZR 



(6) 



In fact, the beam (4) contains many OAM modes with 
different n and sgn(ra), which causes distortions of its 
shape upon the propagation (Fig. 3). Nonetheless, the 
orientation of the C-shaped patterns of the beams (4) 
with \m\ > 1 basically follows the Gouy rotation (6). 
(The m = beam does not rotate but "passes" instead 
trough the center.) Figure 3b shows numerical simula- 
tions of the free-space diffraction of the truncated vor- 
tex beams (using experimental values of the parameters), 
which appears to be in good agreement with experimen- 
tal results of Fig. 3a. 

In Fig. 4 we plotted the experimentally-measured an- 
gles of rotation for the beams (4) with different m versus 
the defocus distance z, compared to the theoretical Gouy 
dependence (6). In fact, in our setup, the beams were not 
exactly Gaussian but rather converging spherical waves. 
In this case the Gouy phase shows a different behaviour, 
which nevertheless approaches the arctan behaviour for 
trajectories close to the intensity maxima Q. 

Combination of the Larmor and Gouy effects. — We 
have previously shown [2fij that for nondiffracting beams 
in a uniform magnetic field the Zeeman and Gouy 
phases appear simultaneously, and the OAM-carrying 
state would show, depending on the OAM sign, either no 
rotation, Q = or a cyclotron rotation with Q c = 2Ql, 
which is intimately related to the Landau-level proper- 
ties. For diffracting beams in a TEM, however, the pic- 



ture is rather different, and the Larmor and Gouy effects 
are spatially separated and practically uncoupled of each 
other (Fig. 2). The Gouy phase is gained near the beam 
waist at the front focal plane of the objective; it has the 
characteristic scale of the Rayleigh length zr, which is 
typically ~ 10/im. At the same time, the Zeeman phase 
has the characteristic Larmor length, zl = which 
is typically ~ 10 2 -10 3 /im. In our setup the Gouy and 
Larmor rotations are tuned independently through the 
illumination and projective lenses [131) . 

In Fig. 5 we show an experiment where the Gouy- 
phase rotation due to the defocusing (Figs. 2-4) was com- 
bined with the Larmor rotation produced by changing 
the magnification (Fig. 1). The parameters were chosen 
such that the two rotations have the same magnitude, 
|A(/?l| ~ |A<£g|> but the Gouy rotation also depends on 
the OAM sign. As a result, the negative-OAM trun- 
cated beam remained non-rotating, A(fL + Acpc — 0, 
while the positive- OAM beam rotated by the double an- 
gle A(p L + A(p G ~ 2A(p L . 

Conclusion. — We have presented the first experimen- 
tal demonstration of the Gouy phase in electron beams, 
and explored the Zeeman-Larmor rotation of vortex su- 
perpositions. These two effects are uncoupled for the fo- 
cused beams in typical lens fields. The OAM-dependent 
Zeeman phase produces an OAM-independent Larmor 
rotation, while the OAM-sign-independent Gouy phase 
results in the sign-dependent Gouy rotation. Therefore, 
the two effects can be added or substracted from each 
other depending on the OAM sign [26]. The character- 
istic propagation of the truncated vortex beam offers a 
way to identify the OAM sign without access to the phase 
information, while it is also representative of the differ- 
ence between a vortex beam and the rotation effects that 
commonly affect electrons in a TEM. 
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